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Abstract. In atmospheric time series analysis, where only linear models for the observed time series, such as autore-
one record is typically available, subsampling (which works gressive moving average (ARMA) models, whereas the real
under the weakest assumptions among resampling methodgjata-generating mechanism (DGM) is inherently nonlinear,
is especially useful. In particular, it yields large-sample con-so that estimation commonly based on fitted linear models
fidence intervals ofasymptoticallycorrect coverage prob- may be misleading (e.gGluhovsky and Agee2007).

ability. Atmospheric records, however, are often not long These issues will be addressed below by considering a
enough, causing a substandard coverage of subsampling coproblem central to obtaining reliable statistical inference
fidence intervals. In the paper, the subsampling methodologyrom limited data sets, namely, the construction of confidence
is extended to become more applicable in such practicallyintervals (Cls) for a paramete, of the unknown distribution
important cases. of a stationary time series from its finite recoith, ..., X,,.

As a typical example, consider a record in Figfrom
Gluhovsky(2011) of the vertical velocity of wind in a con-
vective boundary layer during an outbreak of a polar air
1 Introduction mass over the Great Lakes region. The record consists of

8192 data points over about 29 km across Lake Michigan,
Observed and modeled data are often collected in the forn50 m above the lake, and it has passed a test for stationarity
of time series, but there are several predicaments for employfrom Gluhovsky and Age€1994. The sample mean, vari-
ing traditional time series analysis in atmospheric sciencesance, skewness, and kurtosis of the vertical velocity com-
The primary challenges are: (a) the records are frequentlyuted from this record are-0.04, 106, 083, and 410, re-
prohibitively short, while just a few records (typically one) spectively. The elevated skewness and kurtosis (the corre-
are available, and (b) conventional statistical methods argponding population parameters characterizing a linear time
“based on certain probabilistic assumptions about the naturgeries are 0 and 3) may indicate nonlinearities in the under-
of the physical process that generates the time series of intefying data-generating mechanism (DGM), but these sample
est. Such mathematical assumptions are rarely, if ever, meatharacteristics are just point estimates (our “best guesses”)
in practice” Ghil et al, 2009. One common assumption is of the true values of the parameters. Therefore, to learn how
that observations are normally distributed. Yet in reality dis- far one can trust these numbers, Cls are employed.
tributions are often not normal, such as those for the velocity Here is the problem with Cls for parameters of atmo-
field in a turbulent flow (e.g.L.esieur 2008, and new ad-  spheric time series, which are produced by the inherently
vances in statistics have made it clear that even slight denonlinear system. A 90% ClI is the range of numbers that
partures from normality can be a source of concern (e.g.traps the unknown parameter with probability 0.90 called the
Wilcox, 2003. Another questionable assumption is that of
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In real-life situations with unknown DGM and a single
record availableX1, ..., X,,, subsampling comes to the res-
Dl cue by replacing independent, computer-generated MC re-
alizations bysubsamplesor blocks of consecutive observa-
tions from the record,

X1yeeiy Xpy ey Xiy ooy Xigb—1, -oor Xn—bt+1s--» Xn (2)
—_———
o - b b b

Vertical velocity, m/s

which retain the dependence structure of the time series

N (Politis et al, 1999. Underscored above are the first, inter-

mediate, and the last block, all of the same lerigitineblock

sizg in the record containing observations and, therefore,

n—b+1 blocks. Using quantiles estimated from subsamples

in place of independent MC records, the subsampling method
t, data points yields large-sample Cls of asymptotically correct coverage,

when
Fig. 1.Record of 20-Hz aircraft vertical velocity measurements over
Lake Michigan. Figure fronGluhovsky(2011). b— oo and b/n—0 as n— oo, 3)
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assuming the existence of a nondegenerate asymptotic distri-

coverage probabilityAlso referred to as theominalor tar- ~ bution for z, (T, — 6) at someknownrate 7, (Politis et al,
getcoverage probability (e.gDavison and Hinkley1997),  1999. Typically, 7, = n”, g € (0,1], and = 0.5 when es-
it is attained only if the assumptions underlying the methodtimator7, is the sample mean, sample variance, etc.
for the CI construction are met. Since for atmospheric time Very often, however, real records (like that in Fig.are
series this is rarely the case, thetual coverage probability ot long enough to satisfy asymptotic conditioB} (which
may differ from the target level (sometimes considerably).c@uses two problems for practical applications. First, the ac-
For example, when the DGM is linear, Cls for the mean or tual coverage probability of subsampling Cls greatly depends
the variance of the time series may be found analytically,0n the choice of block siz&, being unacceptable beyond a
but the common practice of computing Cls from fitted lin- relatively narrow range ob values, and second, the actual
ear models may result in erroneous Cls when the real DGMEOverage may differ from the target even within this range.
is, in fact, nonlinear@luhovsky and Agee2007). Moreover, The first problem has been handled by another resampling
Cls for the skewness cannot be based on linear models thdgchnique developed3{uhovsky et al. 2009 for the opti-
imply zero skewness. Unlike standard methods of time semal choice ofb based on the same single available record,
ries analysis, resampling techniques provide asymptoticallys© that one first determines the optimal block size using this
valid statistical inference from a single record without mak- technique, then runs subsampling with the optii&d con-
ing questionable/unverifyable assumptions about the DGMStruct the CI. To deal with the second problem, the so-called
Among these methods, subsamplir@plitis and Romano calibration was suggestedPplitis et al, 1999 and used ever
1994 Politis et al, 1999 works under the weakest assump- since: a Cl with a desired confidence level is obtained by
tions, which makes it particularly applicable for atmospheric 'unning subsampling for the CI with the higher level. The
data. latter may be determined via MC simulations with an ap-
When the DGM (the model) is known, Cls can be con- proximating model for the time series at hand. For example,
structed using Monte Carlo (MC) simulations: one generategalibration was used iGluhovsky(2011) to achieve the de-
many recordsX, ..., X,, from the model, computes from sired 0.90 target level for the subsampling ClI for the skew-
each record a point estimat@, of parameter (skewness, Ness constructed from the record in Fig.
for example), and an estimatéo‘go, of the 0.90 quantile of In this study, another approach is explored for achieving
the distribution of6 —| (i.e., about 90 % ofg —f| values are  the target coverage of subsampling Cls in a practically im-
below Qo.go, and about 10% are above). Thesyanmetric portant case of shorter records. As mentioned above, the

90 % Cl for@ is simply subsampling method requires the knowledge of the rate of
convergence;,. In this paper, the asymptotic (known or un-
6 — 0090, 0+ 00.90). (1)  known) rate of convergence is replaced by that found via sim-

ulations with an approximating model. This eliminates the
Such exercise motivates the construction of subsampling Clseed for calibration with even better overall results. For the
below. Similarly, by estimatingo o5 andgo.os, the 0.05 and  sake of consistency and comparisons with calibration, both
0.95 quantiles of the distribution @ — 6, one obtains an the time series and the approximating model are kept the
equal-tailed90 % ClI foré as(d — do.gs, 6 — Go.05). same as ifGluhovsky(2017).
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Table 1. Parameters of the model time seriés(Eq.4) distribution g
vs. sample characteristics of the observed sé¥iem Fig. 1. S o
Xl X[ ata =0.145 W[
n
Mean M=0 0 -0.04 3
[}
Variance V =1+24? ~ 1.04 106 §
>
o
Skewness S = %/833 ~0.84 083 ° g
o
Kurtosis K = 360 +60:" ~3.95 410
2
2 The approximating model S T T \
0 200 400 600

When records are long enough, subsampling does not require
that any model, linear or nonlinear, be fitted to the data, and it
works in complex dependent data situations under the weakFig. 2. Actual coverage probabilities of 90 % subsampling Cls with
est assumptions among other computer-intensive techniqued.= 0.50 (black) and8 = 0.42 (red) for the skewness of nonlinear
The role of an approximating model that shares statisticafime series 4) ata = 0.145 andn = 2048. Horizontal green lines
properties with the time series under study is twofold. It be-denote 0.85 and 0.89 levels.

comes necessary for the assessment ofatiieal coverage

of subsampling Cls via MC simulations, thus offering the

opportunity denied in practice by the single observed record3 Results of the simulation study

From the model, one can generate numerous records, com-

pute from each one the subsampling CI, and estimate its CoVy,c simulations with model4) were carried out to explore
erage probability by counting the fraction of times the known v the actual coverage of subsampling Cls is affected by
parameter valueq, was within the CI. The other important the introduction of theempirical convergence rate, = n”,

role for an approximating model is to assist with the selec-j o he value of exponert now differs from the theoretical
tion of_ the confidenqg level in calibration or ins'Fead with the jhe (in an attempt to make for an insufficient record length
selection of theempirical rate of convergence in the tech- 5nq/0r to avoid finding the theoretical value). Subsampling

b

nique suggested in this paper. Cls for the skewness were computed according to Ey. (
Consider the following modeLenschow et a).1994), whered was the sample skewness computed from the whole
X, =Y, +a(Y?—1), 4) record, while th_e quantiles were estimated from su_bsamples.
The latter requires decreasing the length of resulting Cls by
whereY; is a first-order autoregressive process (AR(1)), factor of (n/b)? (Politis et al, 1999.
Y, =¥ 1+e, 5) The black curve in Fig2 shows the actual coverage proba-

bility of subsampling Cls for the skewness of model time se-
0 < ¢ <1 anda are constants, and is a white-noise pro- ries @) ata = 0.145 8 = 0.50 for various block sizes. One
cess (a sequence of uncorrelated random variables with mearan see that because of the relatively short record, the Clis are
0 and variancerf). AR(1) with a Gaussian white noise is indeed useful only within a relatively narrow range of block
widely employed in studies of climate as a default model for sizes, and even then the Cls undercover (the coverage is be-
correlated time series. When the white noise in mo#gily low the target of 0.90). Estimating the skewness does require
not Gaussian, the model may exhibit nonlinear behavior andong records, and a simple way to improve the coverage is to
is referred to as aimplicit nonlinear modelKan and Yap  increase the record length. When this is not feasible (which
2003, as opposed to aexplicit nonlinear model4), where s typically the case), we suggest employing an “empirical”
AR(1) is altered with a nonlinear component. rate of convergence found via MC simulations with approxi-
In simulations,af =1—¢2so thato% =1, the records mating model 4). The resulting red curve demonstrates that
contain 2048 data points, agd= 0.67, which permitsto im-  coverage probabilities close to the target can be achieved us-
itate the dependence structure of the vertical velocity timeing 8 = 0.42 within a range of block sizes (where the curve
series in Figl as characterized by autocorrelation functions. is above, say, 0.89).
At a = 0.145, the mean, variance, skewness, and kurtosis of For the vertical velocity time series in Fit), the subsam-
X; (in model4) are close to the corresponding sample char-pling 90 % CI for the skewness wifh= 0.42 is(0.56, 1.10),
acteristics of the series (see TaftiJe Thus, model4) might ~ which compares favorably with the wider subsampling 90 %
provide a better description for that series than linear modelsCl, (0.41,1.24), obtained inGluhovsky (2011) using cali-
which inherently have zero skewness. bration. Still both serve the purpose of confirming that the
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vertical velocity skewness is positive, thus indicating nonlin- in the form of coupled classical mechanical systems known

earity in the series. as the Volterra gyrostats (gyrostatic LOMs) proved partic-
ularly useful, the simplest gyrostat being equivalent to the
Lorenz systemGluhovsky 2006. Gyrostatic LOMSs provide

4 Conclusions a bridge between the Lorenz model and the original gov-
erning equations, whose fundamental properties they inherit,

A new technique, an extension of subsampling methodolthus presenting a viable alternative to standard time series

ogy by introducing the empirical convergence rate, was sugmodels when these are ill-suited for the atmospheric data.

gested in this paper for the practically important case of short

records, when subsampling Cls fail to achieve the target cov-

erage probability. Its effectiveness was demonstrated for g cknowledgementsThis work was supported by NSF Grant

model time series and then applied to the observed series g{Gs-1050588.

the vertical velocity of wind.
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